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Abstract — The effects of the Hall and the ion slip currents on forced convective heat transfer in the thermal

entrance region of a magnetohydrodynamic channel have been analysed by solving the energy equation as an

eigenvalue problem. Both the generator and the accelerator modes are discussed. It is found that the heat-
transfer rates are reduced due to these currents.

NOMENCLATURE

applied magnetic field;
electric field;

= (ku,/c,hq')(n'c,/k) = heat
parameter;

= Byh(a/n)!'* = Hartmann number ;
electric current density;

Nusselt number;

= puyhcy/k;

temperature ;

specific heat at constant pressure;

= E/u,,B, = dimensionless electric field;
half the height of the channel;

= J/ou, B, = dimensionless current
density;

thermal conductivity;

rate of heat-transfer per unit area,

a= k()
a4 =~k )

dimensionless velocity components;
1

generation

average velocity = | udn.

1

Greek symbols

s

0 . .
= ——— = non-dimensional temperature

(hq'/k)
field ;
= x/Peh
= y/h dimensionless Cartesian
= 2/h coordinates;

electrical conductivity;
dynamic viscosity ;

density;

= w,7, = Hall parameter ;

= f2w;; = ion slip parameter;
cyclotron frequency;

collision time.

Subscripts
w, wall condition;
0, entrance condition, reference condition;
x, ¥, components in x, y direction;
e, electron;
i, ion.

INTRODUCTION

THE PHENOMENON of heat transfer in a magnetohydro-
dynamic (MHD) channel has been analysed by a
number of authors due to its immediate application in
many devices like MHD power generator, accelerator
etc. These results are needed for the design of the duct
wall and the cooling arrangements.

Using the Hartmann profile, the problem of forced
convective heat transfer has been studied by Siegel [1],
Gershuni and Zhukhovitskii [2], Michiyoshi and
Matsumoto [3], Hwang et al. [4,5] for the case of
uniform wall heat flux and Nigam and Singh [6],
Michiyoshi and Matsumoto [3] for uniform wall
temperature. But the results are not very useful for the
study of heat-transfer phenomenon in MHD devices
where the working medium is a partially ionized gas
(more commonly known as seeded plasma). This
partially ionized gas is produced by mixing 1% of
easily ionizable material (known as seed which is
usually potassium or caesium) with some base gas.
Due to the partial ionization and the presence of large.
magnetic fields, the electrical conductivity of the gas
does not remain a scalar quantity. Transverse currents
in the form of the Hall and the ion slip currents are
produced in addition to the conducting current.

Eraslan and Eraslan [ 7, 8] have studied the effects of
the Hall currents on the heat-transfer phenomenon for
uniform wall temperature. The combined effects of the
Hall and the ion slip currents on heat transfer have
been studied by Mittal and Bhat [9] for uniform wall
temperature and Javeri [ 10] for uniform wall heat flux.
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The present note gives the effects of the Hall and the
ion slip currents on the temperature profile and other
heat-transfer coefficients in the thermal entrance re-
gion of a parallel plate MHD channel with uniform
heat flux at the walls. The flow which is subsonic
occurs under an externally applied electric field load-
ing condition and a uniform transverse magnetic field.
Approximating the gas by an electrically conducting
viscous fluid with constant density, Javeri [11] and
Mittal and Bhat [127 have already obtained, velocity
distribution.

MATHEMATICAL FORMULATION

Consider a steady state fully developed laminar flow
of an electrically conducting viscous fluid in a parallel
plate channel of height 2h, in the presence of a uniform
magnetic field B, applied transversely to flow direc-
tion. The parallel plates are maintained at a uniform
flux ¢'. The fluid enters the duct with a constant
temperature T,,. Following Javeri [ 10], the equation of
energy in the dimensionless form, for such a con-
figuration, can be written as

o0 a%0

ou\? ar\?
+ Ec Pr[( ) + (:) ]
on ) .

+ EcPrHd*[(e, + v)j, + (e, —w)j,]. (D)
where

A S
o= e et 0n e, = ]

. 1
.Iy = E;‘—z[(ex + l")/je + (ey - u)ae]

and o, = 1 + B,B;; B., B; being the parameters for the
Hall and the ion slip currents. 8 denotes the dimension-
less temperature and ¢ and y are dimensionless
coordinates in x and z directions given by

U e
f
A
=i

0 satisfies the following boundary conditions:

0=0 atl=0, —-1<n<i

20
T ot atg= 41, £ 0.
on

Solution procedure
Equation (1) is solved as an eigenvalue problem by
writing

0, n) = 07 (& n) + 074En), (3)

where 0, is the fully developed temperature distri-
bution, and 87 is the temperature distribution in the
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absence of 6 -, in the thermal entrance region. Then ¢/
satisfies the equation

0204y 14
e LR

) [.u 2 ; '-Ij._j
T Tl +E("Pr{(q) 4»((‘ ) ,
on ¢ .cn Yoyt

- ) ae‘ : -
+ Ec-Pr-Ha* o [lex + 01 +te, —u)] =0
1(7 e
{(4)
and 07 satisfies
co” s corm o -
Uoae =Pe ", S 2
S g ©n

The boundary conditions for 6, and 8% become

af
ANt atg =41 D0
n
i6)
4oy
AL
oL
(a constant to be determined later)
a0t B
— =0 atp=+%1 <>0 (7}
cn
0t -0 as & - s (8}

Using the values of u and v as obtained earlier by Juveri
[11] and Mittal and Bhat [12] in the form

u = Ay, coshan cosbn — By, sinhuy sinby + C,,
v = By, coshay cosby
+ Ay, sinhay sinby + D,y (D)

(The values of the constants 4;,, B;,. C,;,D, ¢ and b
are given in the Appendix.)

Javeri [9] has obtained the solution of equations (4)
and (6) as

Opg = AE + Fin). (1M
Here
F(n) = P, cosh2an
+ P, cos2bn + P, sinhay sin by
+ P, coshay coshy + Pgp? + P, {11)

(The expressions for the constants 4 and P, to P, are
given in the Appendix.)

Equation (5) with boundary conditions (7) and (8} 1s
solved as an eigenvalue problem, using the method
suggested by Millsaps and Pohlhausen [ 13] and Singh
[14].

A" satisfying condition (7) is written as

s

oHun
W, (5)sin—-4

n=1.3,... -~

8t = 112}

Substituting 6 * in equation (5), multiplying both sides
by sin(mn/2)n and integrating with respect to » from
— 1 to 1. it is easy to obtain
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P_deVVn aw,
¢ g Tt ge
nm\? i dw,
(=) w = ()] . (13
<2> =2 P
m#n)
Here
1
®1=J usinzn—nr]dn
. 2
and

1
o=
-1

(The integrated values of @, and ®, are given in the
Appendix.)
Taking the solution of equation (13) as

W&) = AP exp(2,0), (p = 1,3,5,..,0) (14)

and substituting these values of W,(&) in equation (13),
the condition for determining the 4,5 is determined as

. hm i mn d
usin— sin——nds.
2 2 ndn

©,427, =0,
.3

AP f(Apn) — _i (15)

m

where

nm\?

f(/lp,n) = Pe_Z}.; - j.p(bl - <7> .

The consistency condition for the set of equation
(15) is

| Aij(}'p) | = O, (16)

where A;; = — ®,4, and A4; = f(4,,1), i, j taking the
values 1, 3, 5, ..., cC.

The determinant A;; is convergent and all its
diagonal elements are quadratic in A, Hence the
determinant has an infinite number of positive and
negative roots. Due to condition (8), only the negative
values of 4, are admissible.

Using the method suggested by Singh [14], the
values of A, and the coefficients A% are obtained
numerically.

Hence 0 is determined as

€ o«

0= ) 2a, ) AP exp(it)

p=1,3 n=1,3
. nm -
X sm717 + A¢+ F(n), (17)

where the constant a,, is calculated numerically with
the help of the boundary condition (2).
The mean mixed temperature 6,, and the local
Nusselt number Nu are defined as
1 1
0,,,=J Gudn/j udn
-1 -t

(18)

and

(19)

where

ar’ n=1

This completes the mathematical analysis of the
problem.

NUMERICAL RESULTS AND DISCUSSIONS

To analyse the effects of the Hall and the ion slip
currents on the heat-transfer coefficients, the constants
a, A¥ and 4, in equation (17) have been calculated
numerically for a set of representative values of the
parameters. Table 1 gives the numerical values of the
first five eigenvalues 2,s. Using these numerical values
of the constants, the temperature 6 and the local
Nusselt number Nu are obtained for g, = 0.0, 2.0;
Bi =00, 0.5; ¢, =05, 20; Ha = 40, Pe = 500 and
Ec-Pr=10 Figs. 1 and 2 give the development of
temperature profiles 8 — 0,, and Nu.

As is clear from equation (17), the lowest eigenvalue,
ie. the smallest numerical value of 1,, determines the
entry length. This length is inversely proportional to
4, As noted from Table 1, due to the Hall and the ion
slip currents, the magnitude of the lowest eigenvalue
increases, leading to the conclusion that the thermal
entry length is reduced due to these secondary
currents.

The development of temperature profiles 6 — 8, are
plotted against 5 for different values of £ in Fig. 1. The
subscript Iindicates the case , = 0.0 = 8, subscript I1
indicates f§, = 2, f; = 0, subscript III indicates f, = 2,
B: = 0.5. It is seen that near the channel entrance, i.e.
for small values of ¢,

O —6.h<(0—0,)m<(0~—06,n

and as the temperature approaches the fully developed
value,

0 —0)m<(@—-0.)<(0—0.)

for the generator mode (e, = 0.5). But in the accele-
rator mode, (e, = 2.0),

0 —0.)m <0 —0,)u<O—0,)

for all values of £. This is true for large values of Ec - Pr
(> 0.5). For small values of Ec - Pr (< 0.005), (0 — 6,,)
becomes negative for all these cases showing that there
is a competitive action between the external loss of
heat and the internal heat generation as shown in [3, 4]
also.

The variations of the local Nusselt number Nu are
presented in Fig. 2. The Nusselt number curves for the
case] are higher than IT and III near the entrance of the
channel, ie. Ny > Nuy > Nug. But, as ¢ increases,
Nuy; becomes smaller than Nuy and remains greater
than Nuy, ie. Nuy > Nu; > Nuy for the generator
mode (e, = 0.5) and large values of Ec - Pr (> 0.5). For
accelerator mode (e, = 2.0), Nuy; > Nuy > Ny, for all
values of £. This shows that the heat-transfer rates
from the fluid are increased for the accelerator mode in
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Table 1. Eigenvalues 4 s for Ha = 40, Pe = 500 and Ec-Pr =10

fo= 00 = p,
3.6182
32.7667
88.0118

183.767
302.720

hobs e b - DT

the presence of the Hall and the ion slip currents. A
similar phenomenon is seen for the case of uniform
wall temperature. In the generator mode, the rate of
heat transfer is less with Hall and ion slip currents
initially, but the pattern changes as the temperature
approaches to that of the fully developed state whereas
with uniform wall temperature [9], it was found that
the heat-transfer rates are reduced.

B = 200 ;= 00

B, =20, B, =05

5.0240

4.2329
37.1896 443226
103.616 108.015
193.192 199.89%
399,657 547.800
CONCLUSIONS

Thus it is concluded that the Hall and the ion slip
currents significantly affect the heat-transfer coef-
ficients. Comparing the two cases, i.c. only the Hall
currents and the Hall and the ion slip currents, it is
found that the heat transfer from the fluid is less with
Hall currents alone for any value of &

] 100}
oy 0.5, He=t00,Pe00 | ey =20
. L Y I
i Ae=00,5-00----- [
. Be=20,8:00 - — —
N Be220, Ar05 e
I L g0t

Fi. 1. Temperature distribution ¢ — 0 in the channel.



Heat transfer in a MHD channel with uniform wall heat flux 923
' - : =500-
sol ‘ Ho = 40.0 ;  Pe=500-0
3 N %
~ ~ ‘\
\\\\ '\ ey‘O’S; EcPr=0.1
el N L
\‘-\“\1:---_.._-——‘_‘ : (Z), i
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IR T : it
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e el 2.0, EcPr=0.01 (2] fre<2.0, ;0.0
N2 (3) Ae=2.0,/4;:0.5
-100 ' ) DR
0.002 001 ﬁ, e 0.1 " .

FiG. 2. Variation of Nusselt number Nu.
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APPENDIX
Expressions for the Constants in the Velocity and Temperature Distribution

a=[4{ e
b~[7<,z,+r) T
Ha?a,
e —
a2 +Ii“
Ha’g,
£y = e
-
R ép Ha* p
&3 =Re— — ———(ef. + e,
3 (ﬁé 1 +B (x e )
cP Ha?
ta = Re (eyBe = ey,)

+ —_————
fn 2
& ol + Bl
€361 + €264
-2
&+ &

E48y — E362

Dy = -
&2+ €3

Dy, sinhasinb + Cy, cosha cosh

Ay = —
cosh?a cos® b + sinh? g sin b

Cy, sinha sinb — D, cosha cosb

B, =
cosh?a cos? b + sin?a sin? b

Here 0P/0¢ and 0P/0C are constants and their values are obtained from the following conditions:

1
(1) j udn = 1, normalization condition for axial velocity profile.
o

1
(ii) J vdn = 0, there is no net mass flow cross-wise.
0

1
(iii) j Jxdn = 0, there is no net current flow in the axial direction.
o

Hence these conditions give

oP ][ Ha? ( ﬂ:{
—| &y + (e, + efi,
el 7 al g2 :

opP 1 l: . Ha2 m
. T 7| ¢® ST S X — €yP,
R e '

where
1 .
£y = [e,{asinha cosha + b cosbh sinb — (a> + b*)(sinh* a + cos? b)}
DEN
— &,(bsinha cosha — asinb cosb)](a> + b*)(sinh? g + cos? b)
Ba = DEN [e,{bsinha cosha — asinb cosb} + &,{asinha cosha + bcosb sinb

— (a? + b*)(sinh? a + cos? b)}](a® + b*)(sinh? a + cos? b)
DEN = (bcosha sinha ~ acosb sinb)? + {asinha cosha + bcosb sinb — (a* + b*)(sinh? a + cos? b)}2

N; =05Ec- Pr(a® + b*)(4}, + B},)

jed
N; = Ec-Pr-Ha* ———[(e, + Dy;)* + (¢, =~ C; )]

€ e

N; = Ec-Pr- Ha [tex + Dy )By; — (e, ~ Cy1)Ay4]

ﬂe

N, = Ec-Pr-: Ha

ﬂ [(ex + D11)A;, + (e, — C41)By,]
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ae
ol + B2

A=1+ Q,sinh2a + Q,sin2b + Q, + @, sinha cosb + @ cosha sinh

Ns=05Ec-Pr-Hd?

(43, + B,]

_ N; + Ng
VU 2
Ns—N,
Q= %
Q3 =N,
Nia— Ny
CCTE
N3b+ Nya
Qs = a® + b?
Pi=—-04/2a
P, = Qz/2b
_ A;;2ab ~ B,,(a* - b?) N;2ab + N,(a* — b?)
P,=4- -
(az + bz)z (a2 + b2)2
p.=1 .(az + b*)A,, + B,,2ab _ N,(@* — b*) — N, 2ab
* (@® + b?)? (@ + b*)
Py=(ACy; — N,)2

o
N
|

= — (P;cosh2a + P,cos2b + Pysinha sinb + P,cosha cosb + Pj)
! nn

D, = J. usin®> —ydn
- 2

! nm
= J (A,, coshan cosby — B, sinhay sinby + C“)sinZTndn
-1

Ay, asinha cosb + bcosha sinb
E (@® + b?)
asinh a cos(nm + b) + (nn + b)cosha sin(nr + b)
a* + (nn + b)?

asinh a cos(nn — b) + (nn — b)cosha sin(nm — b)

a? + (nm — b)?
B, 2acosha sinb — bsinha cosb
2 a’ +b?

acosha sin{nn + b} — (nn + b)sinha cos(nr + b)
a? + (nn + b)?
acosha sin(nn — b) — (nn — b)sinha cos(nm — b)

a® + (nm — b)?

+ Cyy
and
® J“ .nm_ mn d
= usin —z sin —
2 . 2 n 2 nan

! . . .onm | mm
=f (A, coshan cosbn — B, sinhan sinbn + C,,) sin 5 sin —2—11dr/
-1

— x A SR
asinhacos(m—n—+b)+<m—n—+b>coshasin m—nﬁ+b
Zu 2 2 2

2 z 2
a+ m—n-2-+b>




926

A. N. BHAT and M. L. MrrTAL

———————— :4 : —— 7 A
asmhacos( n~~—b)+<m—nl—b)uoshasm( n-~-—~b)
2 2 2 y

+ E—— e Sttt S /. ./‘,,,,, - . ,,,,ﬁ,”\ | T s vl < —
PR T[ £
at + (m —n 5 b)
asinha cos(r;:»n -+ h) + (mv;- n -+ b)coshu sm(;f;z +n 5 + b)
[ S ) e e
a@ + (m +n- + h\
—— e °
asinha cos(m +n 5 h) (m + noo- h)cosha sin <m +n i - b)
a3+(m+n l~b)
. T—— n e B
acosh g sin m—n—~—+b) men - +b)smhacos m—n -~+b)
By 2 2 2
5 i N

e s e g 5 R ‘
acoshasm(m -1 5 b) (m - n 5 b)sinhu cos(m —-p - b)

. f g TNE
@ +im—-—n-——b
"\ 2 B

I3

2

SURUNI— ] [ g
acosha sm(m +n - + b) <m +n - + b)smha cos(m +n ’2 + b)

4 — S— J——

TRANSFERT DE CHALEUR DANS UN CANAL EN MHD AVEC
FLUX THERMIQUE UNIFORME EN PAROI-—EFFETS DES COURANTS
HALL ET DE GLISSEMENT D'IONS

Résumé— Les effets de courants Hall et de glissement d’ions sur la convection forcée de chaleur dans la région

d’entrée d’un canal magnétohydrodynamique ont été analysés en résolvant 'équation d'énergie sous 'angle

d’un probléme de valeur propres. On discute 4 la fois les modes de génération et d’accélération. Les transferts
thermiques sont réduits par de tels courants.

WARMEUBERTRAGUNG IN EINEM MHD-KANAL MIT GLEICHFORMIGEM
WARMESTROM AN DER WAND—EINFLUSSE DER HALL- UND DER
IONENSLIP-STROME

Zusammenfassung—ch Einfliisse der Hall- und der lonenslip-Strome auf die erzwungene konvektive

Wirmeiibertragung im thermischen Einlaufgebiet eines magnetohydrodynamischen Kanals wurden durch

Lésung der Energiegleichung als Eigenwert-Problem untersucht. Sowohl die Generator- als auch die

Beschleuniger-Betriebsart werden diskutiert. Es wurde gefunden, daB diese Strome eine Abnahme des
Wirmetibergangs verursachen.

TENJIONEPEHOC B MATHUTOTHAPOAMHAMUYECKOM KAHAJE MPH
PABHOMEPHOM! TJIOTHOCTH TEIJIOBOI'O NMOTOKA HA CTEHKE.
BJIMAHUE TOKOB XOJUJIA 1 HOHHOIO CKOJBLXEHHA

AKHOTAUNS — BrusHue TokoB XOJNIA H MOHHOTO CKOJBXKCHHA Ha TENNONEPEHROC NPH BbHYKIEHHOH
KOHBEKILMH B TernnoBO#H BXOAHOH 06NacTH MAarHHTOrHAPOAMHAMMUECKOTO KaHa/la aHATH3INPOBAJIOCH
NyTem DPELIERNA ypaBHEHMs JHePTMM KaK 3ajadM HA CoOCTBEHHBIE 3HAUCHUA. PaccMOTpeHB! pexuMbl
renepatny U yoxopenus. OGHAPYKEHO, UTO YKA3aHHBIC TOKH CHIXKAIOT #HTCHCHBHOCTD NEPEHOCA Tenua.



